Online Appendix

This appendix includes all the missing proofs and the ancillary facts used in the main body
of the paper. We begin with a section on facts instrumental for Theorem 1 and Proposition
5.

Foundation
Recall the definition of >’ in Section 5, that is,
def
prq = Wp+(Q-Dr=lg+(1-)r VYie(0,1],Vr €A,

The goal of this section is to provide a Multi-Expected Utility representation for >’.

Lemma 1. Let > be a binary relation on A that satisfies Weak Order. The following statements

are true:

1. The relation > satisfies M-NCI if and only if for each p € A and for each m € R

P> Ome, = D> Opey- (Equivalently p #' Sme;, = Ome, > D)
2. If > satisfies Monotonicity, then for each x,y € R¥
x>y = O >4y (12)

3. If > satisfies Monetary equivalent, then for each x,y € R¥ there exists m € R, such that

5y+me1 >/ 5x >, 5y—me1- (13)

Proof. All three points follow from the definition of >" and M-NCI, Monotonicity, and Mon-

etary equivalent, respectively. [ |

Aumann Utilities and Multi-Expected Utility Representations

In this section, in our formal results, we consider a binary relation >* over A such that

p>'q &= E,(v) >E;(v) YoeW (14



where W C C (RF). Recall that a function v € C (R¥) is an Aumann utility if and only if
p>"q = E,(v) >E4(v) andp ~" g = [E, (v) =4 (v).

We denote by e the vector whose components are all 1s. We endow C ([Rk) with the distance
d : C (RF) x C (R¥) — [0, o) defined by

d(f,g):Z(%) min{xemax ]|f(x)—g(x)|,1} Vf,gec([Rk).

= [—ne,ne

It is routine to show that (C ([R{k ), d) is separable.2* Moreovet, if { f;;} ey € C (Rk ) is such

d
that f,, — f, then {f;,},,cn converges uniformly to f on each compact subset of R,

Proposition 7. If >* is as in (14) and such that
x>y = 6 >" 0y, (15)

then >* admits a strictly increasing Aumann utility.

Proof. By (14), observe that x > y implies v (x) > o (y) for all v € W. This implies that
each v € W is increasing. By Aliprantis and Border (2006, Corollary 3.5), there exists a
countable d-dense subset D of ‘W. Clearly, we have that

p>"q = E,(v) >E;(v) VYoeD. (16)

Vice-versa, consider p,q € A such that E, (v) > E, (v) for all v € D. Since p and g have

compact support, there exists 7 € N such that [—7ie, nie] contains both supports. Consider
d

v € W. Since D is d-dense in ‘W, there exists a sequence {v;},cny € D such that oy — o. It

follows that v; converges uniformly on [—fie, nie]. This implies that

Ep (v) = / odp = lim odp =limE,, (v;)
[—ne,fie] l [—ne,ne] l
> li?t Eq (v1) = li}n/ vidq = / vdg = Eg (v) .
[—ne,nie] [—ne,ne]

24A proof is available upon request.



By (14) and (16) and since v was arbitrarily chosen, we can conclude that
p>"q & E,(v) >E;(v) VYoeD. 17)

Since D is countable, we can list its elements: D = {v,, },,,en- Set by = [+max {|o; (=le)|, |o; (Ie)|}
foralll € Nand ay =II" b > by, for all m € N. Finally, define o : R* — R by

(o)

v(x) = Z Om (%) Vx € RX. (18)

m

m=1

We first prove that v is a well-defined continuous function. Fix x € R¥. It follows that there
exists m € N such that x € [—me, me] for all m > m. Since each vy, is increasing, we have
that |o,, (x)| < max{|v,, (—-me)|, |vy, (me)|} < b, < ay, for all m > m. Since a,, > m! for

all m € N, it follows that

|om ()| _ Jom (%) PUR NS _
am bmam-1 am-1 (m—-1)!

This implies that the right-hand side of (18) converges. Since x was arbitrarily chosen, v is

well-defined. Next, consider n € N. From the same argument above, we have that

jon () _ 1
am ~ (m-=1)!

Vx € [—ne,ne],Vm > n+ 1.

By Weierstrass’ M-test and since {v,,/am} e 1S @ sequence of continuous functions, we can
conclude thato = ), Z—Z converges uniformly on [—ne, ne], yielding that v is continuous
on [—ne, ne|. Since n was arbitrarily chosen, it follows that v is continuous.

Finally, assume that p >* q (resp. p ~* q). By (17), we have that E, (v,,) > E; (vp,) for
all m € N and E, (v) > E4 (v) for some i € N (resp. E, (vp) = E4 (vy,) for all m € N).

In particular, we have that E, (vn/am) > Eq (0m/ap) for al m € N and E, (vs/an) >

00 Uy
m=1 am

Eq (vi/an) for some i € N (resp. E, (vyn/am) = Eq (vn/an) for allm € N). Since 3,

converges uniformly on compacta and the supports of p and q are compact, we can conclude



that

[Ep(o)—[Eq(o):[Ep(ZZ—m)—[Eq(

m=1

5o i) - i)

This implies that if p >* g (resp. p ~* q), then E, (v) > E, (v) (resp. E, (v) = E; (0)),

= lim
1

proving that v is an Aumann utility. In particular, by (15), v is strictly increasing. [ |

Consider a binary relation >* on A. Define Wi (>*) as the set of all strictly increasing
functions v € C (R¥) such that 0 (0) = 0 and p >* q implies E,, (v) > E, (v). We say that a
set WinC ([Rk ) has full image if and only if

Vx,y € RF,3m e R, s.t. o (y +mer) >0 (x) > 0 (y — mey) Yo € W.

Proposition 8. Let >* be a binary relation on A represented as in (14). If >* satisfies (12)
and (13), then Whax (%) is a nonempty convex set with full image that satisfies (14).

Proof. Consider v1,05 € Wiax (=) and A € (0,1). Since both functions are strictly in-
creasing and continuous and such that 07 (0) = 0 = v, (0), it follows that Avy + (1 — A) vg is
strictly increasing, continuous, and takes value 0 in 0. Since v1,v2 € Whax (%), if p >* g,
then [, (v1) > E, (v1) and E,, (v2) > [E, (v2). This implies that

[Ep (/101 + (1 - /1) 02) = /UEP (01) + (1 - /1) |Ep (02)
> AE, (01) + (1 = A) Eq (02) = E4 (Ao + (1= 1) 0),

proving that Aoy + (1 — A1) vy € Whax (>%) and, in particular, Wpax (>%) is convex. By

Proposition 7, there exists a strictly increasing o € C (Rk) such that
p>"q=FE,(0) >E;(6) and p ~" g = E, () = E; (9) .

Without loss of generality, we can assume that ¢ (0) = 0 (given ¢, set v =  — ¢ (0)) and,
in particular, we have that 6 € Wpax (>7), proving that Wpax (>*) is nonempty. Since
>* satisfies (13), it follows that Wy (=) has full image. Since >* satisfies (12), v is
increasing for all v € “W. This implies that for each v € ‘W and for each n € N the function



om=(1-1)o+16-[(1-2)v(0)+16(0)] € Winax (>*). By definition, if p >* g, then
Ep (v) > Eq (v) for all v € Wipax (>7). Vice-versa, we have that
[Ep (v) 2 [Eq (v) Vo € Whax (%)
1\ 1. 1\ 1.
= E, ((1——)0+—0) > [Eq((l——)v+—v) Yo e W,VneN
n n n n
= E,(v) 2E;(v) YoeW = p>'gq

proving that (14) holds with Wpax (>) in place of W. [

We conclude by discussing Multi-Expected Utility representations which feature odd
sets. To do this, we make two simple observations. First, recall the map ¢ : A — A, which

swaps gains with losses, defined by
o (p) (B) = p (—B) for all Borel subsets of R* and for all p € A.

It is immediate to see that o is affine and o (o (p)) = p forall p € A. Second, by the Change
of Variable Theorem (see, e.g., Aliprantis and Border 2006, Theorem 13.46), we have that

Eor) (0) = /[Rk vdo (r) = — /Rk odr =-E, (0) VreAVYoveC (Rk) (19)

where 9 : R¥ — R is defined by 4 (x) = —v (—x) for all x € R¥ and for all v € C (RF).

Proposition 9. Let >* be a binary relation on A represented as in (14) which satisfies (12)

and (13). The following statements are equivalent:

() Foreach p,q € A
p>q &= a(q > o(p).

(i) For each p,q € A
p>q = a(q) > a(p).

(iii)) Whax (=) is odd.
Moreover, if ‘W in (14) is odd, then (i) and (ii) hold.

For the last part of the statement, that is proving that if ‘W is odd, then (i) and (ii) hold,

we can dispense with the assumption that >* satisfies (12) and (13). The proof will clarify.
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Proof. By Proposition 8, we have that
P> q &= E,(v) 2E;(v) Voe Wna (>7).

In other words, for the first part of the statement, we can replace ‘W in (14) with Wpax (=7).
(i) implies (ii). It is obvious.
(ii) implies (iii). Fix v € Whax (>7). By definition of & and since each v in Wiy (%) is
strictly increasing, continuous, and such that v (0) = 0, we have that o is strictly increasing,

continuous, and such that @ (0) = 0. By assumption and (19), we have that
p>q = 0(q) > 0(p) = Eog (v) 2 Esp) (v) = -E4(0) 2 -Ep(0) = E,(0) > Eq ().

By definition of Wy (%), we can conclude that 0 € Wy (=), proving that Wax (3%)
is odd.

(iii) implies (i). By (19) and since ‘W is odd and represents >*, we have that

p>q &= E,(v) 2E;(v) YveW — E,(0) >2E;(0) YoeW
& Eqq) (0) 2 E5py) (0) YoeW & a(q) >  a(p),

proving the implication (since Wiy (>%) represents >*) and also the second part of the

statement. [ |
Representing >’

We can finally provide a Multi-Expected Utility representation for >’.

Proposition 10. If > satisfies Weak Order, Continuity, Monotonicity, and Monetary equivalent,
then
P> q = E,(v) >E;(v) VYoe Wn(>).

Moreover, Whax (#") is a nonempty convex set with full image.

Proof. By the same techniques of Cerreia-Vioglio (2009, Proposition 22) (see also Cerreia-
Vioglio et al. 2017, Lemma 1 and Footnote 10), >’ is a preorder that satisfies Sequential

Continuity and Independence.?> By Evren (2008, Theorem 2), there exists a set ‘W C

25That is, for each two generalized sequences {pu},cs and {ga} eq in A

Pa > qo Ya €A py— pandq, —q = p>'q.
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C (R¥) such that p >’ q if and only if E, (v) > E, (v) for all v € W. By Lemma 1 and
since > is a Weak Order which satisfies Monotonicity and Monetary equivalent, we have
that >’ satisfies (12) and (13). By Proposition 8 and considering >’ in place of >*, ‘W can
be chosen to be Whax (>7), proving the statement. [

Missing Proofs

In this section, we prove Proposition 4. We begin by showing that if > admits a finite
essential Cautious Utility representation, then it is canonical. This fact will be key in proving

the aforementioned proposition.
Lemma 2. If > admits a finite essential Cautious Utility representation, then it is canonical.

Proof. Define >" to be such that p >* ¢ if and only if E, (v) > [E, (v) for all v € W where
W is a finite essential Cautious Utility representation of »>. Since ‘W is finite, we have
that the smallest convex cone containing ‘W, denoted by cone (“W), is closed with respect
to the o (C (R¥), A)-topology and so is the set cone (W) + {01gi}, p-
Whnax (=), it follows that cone (‘W) \ {0} € Wiax (>%). By Proposition 8, Remark 4, and

(Evren, 2008, Theorem 5) and since ‘W is a Cautious Utility representation, we have that

By definition of

(where the closure is in the o (C (Rk ), A)-topology)

cone (‘W) + {Qle}eeR =cl (cone (Whax (Z9)) + {91Rk}9€R)

2cl (Wmax (") + {Gle}HeR)

2 Wanax (37) + {01+ } e

yielding that cone (‘W) \ {0} 2 Whax (>7) and, in particular, cone (‘W) \ {0} = Whax (=7).
Since the functional v — ¢ (p,v) is quasiconcave over cone (‘W) \ {0} for all p € A, it is

immediate to see that

V (p) = mi ) = i , Vp € A.
(p) lfg}ur}C(p 0) Uecong(l}ur})\{o}fr(p v) Vp

By Remark 4 and since ‘W = {v;}!_, is a finite Cautious Utility representation, we have

that > satisfies Axioms 1- 5. By Theorem 1 and its proof, ‘Wiax (>’) is a canonical Cautious




Utility representation for >. In particular, we have that

V(p) = minc(pv) = seconmi 0} (p.o)= q;nrllf o © (pv) VpeA.
Since >’ is the largest subrelation of > that satisfies the Independence axiom and p >* q
implies p > g, we have that >* is a subrelation of >’ and Wpax (>') € Whax (>%) =
cone (‘W) \ {0}. By contradiction, assume that W,y (>") # cone (‘W) \ {0}. Since Whax (>7)
is a convex set closed with respect to strictly positive scalar multiplications, this implies
that W &€ Whax (). If W is a singleton, then > is Expected Utility and, in particu-
lar, >” is complete and coincides with »>. This implies that ‘W = {01} and Wpax (') =
{Av1})50 = cone (‘W) \ {0}, a contradiction. Assume ‘W is not a singleton. Consider
0 € W\ Whax (>7). Since W is essential, there exists p € A such that min,cyy ¢ (p,0) <
minyew (5) ¢ (p,0). Since W = {v;}1_; and n > 2, without loss of generality, we can set

0 = vy, € Winax (>7). In particular, we have that

er&g{(}qc (p,v) = g}vr‘l/c (p,v) =c(p,vy) <c(p,v;) Vie{l,..,n—1}. (20)
Consider a sequence {0} ey © Whax (>7) such that ¢ (p, dy,) | infyemw,, (> ¢ (P, 0). By
construction and since Wy (=”) C cone (‘W) \ {0}, there exists a collection of scalars
{Amsi}meN,iE{l,...,n} C [0, c0) such that §, = Y., Apv; for all m € N. Since 3y, is strictly
increasing, we have that for each m € N there exists i € {1, ..., n} such that A,,; > 0. Define
Amo = iy Ami > 0 for all m € N. For each m € N and for each i € {1, ..., n} define also
Ami = Ami/Amo as well as &, = p AmiVi = Om/Amo. Since Ay > O for all m € N, it
is immediate to see that ¢ (p, 0,,) = ¢ (p,9p,) for all m € N and, in particular, ¢ (p, 0y,) |
infyew, . (/) ¢ (p,v). For each m € N denote by Am the R” vector whose i-th component is
}_Lm,i. Since {im}meR is a sequence in the R" simplex, there exists a subsequence {/Tm,} JeN
such that A, ; — A; € [0,1] foralli € {1,...,n} and }}}_; A; = 1. It is immediate to see that
o(C(R)a)

~  _ on
Um[ - i=1 Am[,ivi

" Aiv; = § where ¢ is continuous, strictly increasing, and
such that 4 (0) = 0. Moreover, for each p, g € A we have that p >’ qimplies E,, (3) > E, (9),
proving that § € Wax (3’). Note that A, < 1, otherwise, we would have that v, = ¢ €

Winax (3), a contradiction. By (20) and since A, < 1 and the functional v — ¢ (p,v) is



explicitly quasiconcave over co (‘W) for all p € A,26 we have that

¢ (p,on) <c(p,d) = li{nc (p,Om,) =limc (p,0y) =  inf )c (p,v) = c(p,v,),
m V€ Whax (>’
a contradiction. It follows that Wiy (=) = cone (‘W) \ {0} and, in particular, ‘W repre-

sents also >’. This implies that ‘W is canonical. [

Proof of Proposition 4. We first prove the first part of the statement assuming > satisfies u-
CPT, and then we will move to the additive case. Since u (0) = 0 and u is strictly increasing,
it follows that there exists t > 0 such that [—%,#] C Imu. Let Ag ([0, £]) be the set of finitely
supported probabilities over [0, t]. Consider p € Ag ([0,¢]). By definition, we have that
there exist two unique collections {¢;}; € [0,%] and {A;}7_; € [0, 1] such that suppp =
{t:},, 22 A =1, and p = X, ;6. Without loss of generality, we can assume that
t1 < ... < t,. We define V : Aq ([0,7]) — R by

n—1 n n
V() = (W+ (Z Ai) —wt ( > /1,-)) o (t;) +w* (An) 0 (ty)
=1 i=j i=j+1

for all p € Ag ([0, ]). We next show that for each § € Ag ([0, f]) and for each f € [0, ], if
V(p) =V (8),then V(Ap + (1 = 1) &) = V (&) forall A € (0,1). Consider p € Aq ([0, F])
and f € [0, ] such that V (§) = V (&;). Given p € Aq ([0, F]), since {;}, € [0,7] C Imu,
there exists {x;}}_; C R* such that u (x;) = t; for all i € {1, ...,n}. Consider p = uimq Ailx,.
It is immediate to see that V () = V (p). Since > admits a Symmetric Cautious Utility
representation, there exists ¢ € R such that p ~ &,. This implies that V (p) = V (5681)
and, in particular, u (ce;) € [0, ]. Moreover, since u and v are strictly increasing, we
have that u (ce;) = £ € [0,] and V (8c,) = V (7). By Remark 4 and since > admits a
Symmetric Cautious Utility representation, we have that > satisfies M-NCI. This yields that
Ap + (1 = A) Sce; ~ Oce, forall A € (0,1). This implies that

Vp+ 1= =V (Ap+(1=21) ;) =V (8ce,) =V (85).

26Formally, see e.g. (Aliprantis and Border, 2006, p. 300), given p € A, for each h € N\ {1}, for each
{01};;1 C co (W), and for each {Al}?zl C [0, 1] such that Z;’Zl Ar=land A, <1

h
c(pv) >c(pon) Vie{l.,h-1} = c(p,z/liv,-) > c(pop).

i=1



By Bell and Fishburn (2003, Theorem 1) applied to V, it follows that w* is the identity. The
same proof, performed with [—£, 0] in place of [0, ] and w* replaced by w™, yields that w™ is
the identity. These two facts together allow us to conclude that p — V(p) = CPTy .+ - (pu)
is an Expected Utility functional with utility v ou : R¥ — R. We next assume that > admits
an Additive CPT representation. As before consider f > 0. Define A ([0, Z]) and V as before
with v replaced by u;. For each p € Ao ([0,7]) define p in A to be the product measure
P ® ... ® &. It is immediate to see that V () = V (p) for all p € Aq ([0, %]). As before,
we can show that for each p € Ag ([0,]) and for each f € [0,], if V (p) = V (&), then
V(Ap+(1-21)8) =V (&) forall A € (0,1). Consider p € Ay ([0,]) and f € [0, ] such
that V (§) = V (&). This implies that V (p) = V (8, ), that is, p ~ &, . By Remark 4 and
since > admits a Symmetric Cautious Utility representation, we have that > satisfies M-NCI.
This yields that Ap + (1 — A) &;,, ~ &g, for all A € (0,1). This implies that

VAp+(1 -8 =V(Ap+(1-21)8,) =V (6,) =V ().

By Bell and Fishburn (2003, Theorem 1) applied to V, it follows that w™ is the identity. The
same proof, performed with [—t, 0] in place of [0, ] and w* replaced by w™, yields that w~
is the identity. This implies that > admits an Expected Utility representation with utility
u : RF — R defined by u (x) = Zf;l u; (x;) for all x € R¥.

As for the second part of the statement, by Lemma 2 and since W is a finite essential
Cautious Utility representation, we have that ‘W is a canonical representation, that is, W =
{v;}}; represents also >’. Since > is Expected Utility with utility v o u (where in the linear
case v is the identity and u is additively separable), we have that >’ coincides with >,
yielding that for each i € {1, ..., n} there exists A; > 0 such that v; = A;(v o u). This implies
that ¢ (p,v;) = c(p,vou) forall p € A and for all i € {1,...,n}. Since ‘W is essential, this
implies that ‘W is a singleton. Since ‘W = {v1} and ‘W is odd, this implies that v; is odd

and, in particular, > is loss neutral for risk and exhibits no endowment effect. [ |
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